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ABSTRACT 
Let A be a commutative, finite-dimensional, local k-algebra, and set B = 
End,(M), where M is a finitely generated, faithful, indecomposable A-module. 
Guralnick asked whether B must equal A if B is an intermediate algebra of A, i.e., if 
the A- and B-submodules of M are the same. We give a class of examples where this 
is not the case. 
Let A be a commutative finite-dimensional local algebra over a field k. 
Let M be a finitely generated indecomposable faithful A-module. Set 
B = End,( M ). R. M. Guralnick asked the following 
QUESTION. Suppose B is also commutative. If B is an intermediate 
algebra over A, then must B = A? 
In this note we show that in general the answer is negative. More 
precisely, we show that for any integer n > 3, there exists a n-generated 
commutative subalgebra A of Endk( M) such that B = End,(M) is commu- 
tative and B is an intermediate algebra over A, but A # B. 
The case where A is a two-generated commutative subalgebra of End,( M > 
is still open. Recently M. Neubauer and D. Saltman showed in [3] that if A is 
a two-generated subalgebra of Endk( M >, where dimk M = n and M is an 
indecomposable A-module, then dimk A Q n and dimk B > n, and A = B 
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if and only if M is either a cyclic or cocylic (i.e. has simple socle) A-module. 
Hence there is reason to believe that the above question has an affirmative 
answer for two-generated commutative subalgebras of Endk( M ). 
First we recall some definitions. Let A and B be as above. We have the 
following natural embeddings: 
A G B c End,(M). 
In other words, A is a k-subalgebra of the matrix algebra End,(M), and 
B = Z(A), the centralizer of A in Endk( M >. It is easily seen that M is a 
B-module. B is called an interrmdiate algebra over A if any A-submodule N 
of M is also an B-submodule of M (see [2]). 
The answer to the above question is negative, as the following example 
shows. 
EXAMPLE . Let End,(M) = M,(k), and set 
B= aEk,DEM,(k) 
Here B is a maximal commutative k-subalgebra of M,( M >. Now we define 
A= aEk, trace C = 0 . 
Clearly A is a k-subalgebra of B and A # B. It is easy to check by direct 
calculation that B = Z(A). We claim that B is an intermediate algebra over 
A. 
Choose a standard basis for M, say e,, . . . , e4. Let Vi = ke, @ ke, and 
V, = ke, 8 ke,. Then M = V, @ V,. We have 
LEMMA 1. Let N be an A-submodule of M. Then N is either 
(a) a k-submodule of V,, or 
(b) a k-submodule of M of th e orm V, CD W, where W is a k-submodule f 
of V2. 
Proof. Let a E Vi, B E V, such that ( CY, B > E N. Then we have 
(a,P> 2 i I ,‘: = (aa + PC, ap, aP) = a( a, P) + ( PC, 0). 2 
Since (a, B) E N, we have ( PC, 0) E N. 
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If R = 0, then any element of A acts on ((u, 0) as a scalar multiplication. 
Therefore any k-submodule of V, is an A-submodule of M. 
Now suppose that /3 # 0. We want to show that the R-submodule 
{(PC, 0)ltraceC = 0) of N equals Vi. Put R = (b,, b,) and assume b, # 0. 
We have 
(b,,b,)(; b;l ) = (61) 
and 
= (1, -b,lbz). 
Therefore we get V, c N and N has the form (b). ??
As a consequence, B = Z(A) is an intermediate algebra over A and 
B #A. 
It turns out that the example above is just a special case of some more 
general results. We consider the following situation. Let 
aEk,BEM,(k) . 
1 
Then B is a maximal commutative 
k-submodule of M,(k), and set 
k-subalgebra of M,,(k). 
A= 
Here A is a k-subalgebra of B, and clearly B c Z(A). 
We ask the following questions: 
(1) When does Z(A) = B? 
(2) When is B an intermediate algebra over A? 
By direct calculation we obtain the following matrix-theoretic characteri- 
zations. 
Let A, be a 
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LEMMA 2. Z(A) = B ifand only ifth e o f 11 owing conditions are satisfied: 
(a) For any Y E M,(k), YA = AY = 0 for all A E A, implies that Y = 0. 
(b) For any X, Z E M,,(k), ZA = AX for all A E A, implies that both X 
and Z are in the center of M,(k). 
LEMMA 3. B is an intermediate algebra over A if and only if for any 
(Y E V, the column space of size n, we have A,a = V. 
If we further assume that A, is a k-subalgebra of M,(k), then by Lemma 
3, B is an intermediate algebra over A if and only if V is a simple 
A,-module. Since V is a faithful A,-module, we know that A, is a simple 
k-algebra. By the structure theorem, A, = End,(V) where D = End,l(V) 
is a division ring. Therefore we have the following: 
PROPOSITION 4. Let notation be as above. Suppose that B is an interme- 
diate algebra over A. We have the following situations: 
(a) Zf k is algebraically closed, then A, = M,,(k), that is, A = B. 
(b) Zf k is not algebraically closed and D is a division algebra over k such 
that dimk D = t, let dim n V = m. Then n = tm and dim k A, = m2t. In this 
caseA #B. 
However, we have Z( A,) = D. Therefore according to Lemma 2 the only 
k-subalgebra A, of M,(k) such that Z(A) = B and B is an intermediate 
algebra over A is B itself. 
Our next aim is to show the following result. 
THEOREM 5. Let B, A be as above. There exists a k-submodule A, c 
M,(k) with dimk A, = 2n - 1 such that B = Z(A) and B is an interrnedi- 
ate algebra over A. Moreover, 2n - 1 is the least dimension of A, such that 
B is an intermediate algebra over A. 
We have shown the first part of the theorem for the case n = 2 in the 
example we gave before. Now we generalize Lemma 2. 
LEMMA 6. Let A, B be as above. The following are equivalent: 
(a) B is an intermediate algebra over A. 
(b) ForanyaEV,cx#O,wehaueA,a=V. 
(c) Let A,, . . . . A, be a k-basis of A,. Then V(Z,,(C)) = 0 in P”-l, 
where C = (xA,, . . . . xA,) and x = (x,,. .., x,). Here Z,,(C) denotes the 
ideal generated by all n-by-n minors of C. 
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Proof. By Lemma 3, B is an intermediate algebra over A if and only if 
A,a=Vforanyo#O~V.Let a#OEV.Thenwehavethat A,cr=.V 
if and only if the rank of the matrix C((Y) = (aA,, . . . , aA,) is equal to n. 
Since (Y is arbitrary, we get Aicz = V for all (Y # 0 E V if and only if 
V(Z,(C)) = 0 in Pnml. Th’ is completes the proof of the lemma. ??
Now let eij,i,j = l,..., n, be the standard basis of M,(k) (n > 2). Let 
A, be the k-submodule of M,(k) generated by e,,, ei2 + e2i, ela + ea2 + 
e31,...,elt + e2,t_i + **a +e,,, . . . , enn. It is easily checked that dimk A, = 
2n - 1 and V(Z,(C)) = 0 in P”-’ (in other words, Z,(C) is a homogeneous 
ideal in K[x,,..., xn] primary to the irrelevant ideal (xi,. . . , x,)). Direct 
calculation also shows that Z(A) = B. This proves the first part of the 
theorem. 
We show the second part of the theorem by using a result of Eagon and 
Hochster. Let S = k[ xi,. . . , xn]. S is a graded k-algebra. Let C E 
M, x ,( S), m > n, such that all the entries of C are homogeneous of degree 
one, i.e., C has linear entries. Our problem then is equivalent to the question 
of what is the smallest m such that Z,(C) contains an S-regular sequence. 
We have shown that m < 2n - 1. 
LEMMA 7 [l]. Let R be a commutative noetherian ring and C E 
M, x ,( R). Then 
grade Z,(C) < (m -s + l)(n - s + 1). 
Zf the entries of C form an R-sequence, then equality holds. 
In our case, s = n, so grade Z,(C) Q m - n + 1. On the other hand, 
V( Z,(C)) = 0 in P”- ’ implies that grade Z,(C) = n. Hence we get m > 2n 
- 1, and the proof of Theorem 5 is complete. 
REMARK. The above argument can be carried over verbatim to the 
situation where End,(M) = M,+,(k) and 
and 
A= 
where A, is a k-submodule of M,.,(k). 
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Now we determine the minimal dimension of A, (over k) such that 
Z(A) = B. 
PROPOSITION 8. There exists a k-subwwdule A, of M,(k) with dim, A, 
= 3 such that Z(A) = B. Moreover, 3 is the least dimension of A, such that 
Z(A) = B. 
Proof. We know that M,(k), as a k-algebra, can be generated by two 
elements. Let A, be generated by I, A, B [as a k-submodule of M,(k)], 
where Z is the identity element of M,(k) and A, B are two elements that 
generate M,(k) as a k-algebra. For X, Y E M,(k), XI = ZY implies X = Y, 
and XA = AX, XB = BX implies that X E Z( M,(k)). Thus the conditions in 
Lemma 2 are satisfied. Hence we have Z(A) = B. 
Now we show that A, can not have dimension < 2 (over k). For any 
A E M,(k), we define a linear map 
&A : M,(k) x K,(k) + M,(k) 
given by 
(X,Y) +XA -AY. 
We know that 4A is onto if and only if A is invertible. Suppose A is 
invertible and B is linearly independent of A. Then CBA-‘, A- ‘B) E 
Ker $A n Ker 4s and CBA-‘, A-‘B) # (aZ, bZ) with a, b E k. Therefore, if 
Z(A) = B, the dimk A, > 2 by Lemma 2. By dimension counting, we know 
that if Z(A) = B and A, is generated (over k) by two elements A and B, 
then either A or B has to be invertible. This completes the proof. ??
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